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1. Introduction

Let
∑c denote the class of functions f (z) of the form

f (z) =
a0

z− c
+
∞
∑

n=1

anzn (a0 > 0, 0≤ c < 1) (1)

which are analytic in U∗ = U \ {c} = {z : |z| < 1} \ {c}. We denote by S∗c (µ), Kc(µ) and
Cc(µ) the subclasses

∑c consisting of all functions which are, respectively, starlike of order µ,
convex of order µ and close-to-convex of order µ in U∗ (0≤ µ < 1), that is,

S∗c (µ) =

¨

f ∈ Σc :−Re

¨

(z− c) f ′(z)
f (z)

«

> µ (0≤ µ < 1; z ∈ U∗)

«

(2)

Kc(µ) =

¨

f ∈ Σc :−Re

¨

(z− c) f ′′(z)
f ′(z)

+ 1

«

> µ (0≤ µ < 1; z ∈ U∗)

«

(3)
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and

Cc(µ) =
�

f ∈ Σc : i f there ex ists a f unct ion g(z) ∈ S∗c (0) such that

− Re

¨

(z− c) f ′(z)
g(z)

«

> µ (0≤ µ < 1; z ∈ U∗)
�

. (4)

Let Rc(µ) be the subclass of
∑c consisting of functions f (z) which satisfy the inequality:

�

�

�

�

�

(z− c)2

a0
f ′(z) + 1

�

�

�

�

�

< 1−µ (0≤ µ < 1) (5)

for some µ (0≤ µ < 1).
It follows readily from the definitions (2) and (3) that

f (z) ∈ Kc(µ)⇔ (z− c) f ′(z) ∈ S∗c (µ) (0≤ µ < 1). (6)

It follows readily from the definitions (4) and (5) that

f (z) ∈ Rc(µ)⇒ f (z) ∈ Cc(µ) (0≤ µ < 1). (7)

Also, by Cεη (η ∈ R, ε ∈ {0,1}), we denote the class of functions f (z) ∈
∑c of the form (1)

for which [see 10]
arg(an) = επ− (n+ 1)η (n ∈ N = {1,2, . . .}). (8)

For η= 0, we obtain the classes C0
0 and C1

0 of functions with positive coefficients and negative
coefficients, respectively.

Motivated by Silverman [see 26], we define the class

Cε =
⋃

η∈R

Cεη.

For two functions f (z) and g(z), analytic in U , we say that the function f (z) is subordinate
to g(z) in U , and write f (z) ≺ g(z), if there exists a Schwarz function ω, which is analytic in
U with ω(0) = 0 and |ω(z)|< 1 for all z ∈ U , such that f (z) = g(ω(z)) (z ∈ U).

Various subclasses of
∑c when c = 0 were introduced and studied by many authors [see

23, 24, 20, 5, 21, 8, 1, 6, 2, 29, 28]. In recent years, some subclasses of meromorphic functions
associated with several families of integral operators and derivative operators were introduced
and investigated [see, for example 7, 9, 30, 18, 4]). In [14], Frasin and Darus introduced a
differential operator defined by

I0 f (z) = f (z), I1 f (z) = z f ′(z) +
a0(2z− c)
(z− c)2

, I2 f (z) = z(I1 f (z))′+
a0(2z− c)
(z− c)2

,

and for k = 1,2, . . ., we can write as

I k f (z) = z(I k−1 f (z))′+
a0(2z− c)
(z− c)2

,
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where k ∈ N0 = N ∪ {0}, z ∈ U∗.
If f is given by (1), then from the definition of the operator I k, it is easy to see that

I k f (z) =
a0

z− c
+
∞
∑

n=1

nkanzn (z ∈ U∗). (9)

By using the operator I k, some authors have established many subclasses of meromorphic
functions, for example [15, 16, 11, 17]. But second positive coefficient of some subclasses
was fixed in these papers. In this paper, we avoid the situation effectively. With the help of
the differential operator and making use of the method in [19], we define the following new
class of analytic functions and obtain some interesting results.

Let Ki, j(δ,γ, A, B) denote the subclass of
∑c consisting of function f (z) which satisfies the

following condition:

1+
1

δ

(

I i f (z)

I j f (z)
+ γ

�

�

�

�

�

I i f (z)

I j f (z)
− 1

�

�

�

�

�

− 1

)

≺
1+ Az

1+ Bz
(z ∈ U∗), (10)

where δ,γ ∈ C ,δ 6= 0, real number A, B, |A| ≤ 1, |B| ≤ 1, A 6= B, i ∈ N , j ∈ N0.
Obviously, from (10), we have

f (z) ∈ Ki, j(δ,γ, A, B)⇔
I i f (z)

I j f (z)
+ γ

�

�

�

�

�

I i f (z)

I j f (z)
− 1

�

�

�

�

�

≺
1+ (B+δ(A− B))z

1+ Bz
. (11)

Moreover, let us define

CKεη(i, j;δ,γ, A, B) = Cεη ∩ Ki, j(δ,γ, A, B). (12)

The object of the present paper is to investigate coefficient estimates, distortion properties,
radius of close-to-convexity, starlikeness and convexity, extreme points and partial sums for
the classes of meromorphic functions with varying argument of coefficients.

2. Coefficient Inequality

Theorem 1. A function f ∈
∑c is in the class CKεη(i, j;δ,γ, A, B) if and only if

∞
∑

n=1

φn|an| ≤ |(A− B)δ|a0, (13)

where

φn =φn(i, j, c,δ,γ, A, B) = [(1+ (1+ |B|)|γ|)|ni − n j|+ |Bni − (B+δ(A− B))n j|](1+ c),
(14)

(δ,γ ∈ C ,δ 6= 0, real number A, B, |A| ≤ 1, |B| ≤ 1, A 6= B, i ∈ N , j ∈ N0, z ∈ U∗).
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Proof. Suppose that (13) is true for δ,γ ∈ C , δ 6= 0, real number A, B, |A| ≤ 1, |B| ≤ 1,
A 6= B. For f ∈

∑c , let us define the function p(z) by

p(z) =
I i f (z)

I j f (z)
+ γ

�

�

�

�

�

I i f (z)

I j f (z)
− 1

�

�

�

�

�

.

It suffices to show that
�

�

�

�

p(z)− 1

(B+δ(A− B))− Bp(z)

�

�

�

�

< 1 (z ∈ U∗). (15)

We note that
�

�

�

�

p(z)− 1

(B+δ(A− B))− Bp(z)

�

�

�

�

=

�

�

�

�

�

I i f (z) + γeiθ |I i f (z)− I j f (z)| − I j f (z)

(B+δ(A− B))I j f (z)− B(I i f (z) + γeiθ |I i f (z)− I j f (z)|)

�

�

�

�

�

=

�

�

�

�

�

∑∞
n=1(n

i − n j)anzn + γeiθ |
∑∞

n=1(n
i − n j)anzn|

(A− B)δ a0

z−c
−
∑∞

n=1(Bni − (B+δ(A− B)n j)anzn + Bγeiθ |
∑∞

n=1(n
i − n j)anzn|

�

�

�

�

�

=

�

�

�

�

�

∑∞
n=1(n

i − n j)an(zn+1 − czn)− γeiθ eiϕ|
∑∞

n=1(n
i − n j)an(zn+1 − czn)|

(A− B)δa0 −
∑∞

n=1(Bni − (B+δ(A− B)n j)an(zn+1 − czn) + Bγeiθ eiϕ|
∑∞

n=1(n
i − n j)an(zn+1 − czn)|

�

�

�

�

�

≤

∑∞
n=1 |n

i − n j ||an|(|z|n+1 + c|z|n) + |γ|
∑∞

n=1 |n
i − n j ||an|(|z|n+1 + c|z|n)

|(A− B)δ|a0 −
∑∞

n=1 |Bni − (B+δ(A− B)n j ||an|(|z|n+1 + c|z|n)− |B||γ||
∑∞

n=1 |n
i − n j ||an|(|z|n+1 + c|z|n)

≤

∑∞
n=1 |n

i − n j ||an|(1+ c) + |γ|
∑∞

n=1 |n
i − n j ||an|(1+ c)

|(A− B)δ|a0 −
∑∞

n=1 |Bni − (B+δ(A− B)n j ||an|(1+ c)− |B||γ||
∑∞

n=1 |n
i − n j ||an|(1+ c)

.

The last expression is bounded above by 1, if

∞
∑

n=1

|ni − n j||an|(1+ c) + |γ|
∞
∑

n=1

|ni − n j||an|(1+ c)

≤ |(A− B)δ|a0−
∞
∑

n=1

|Bni − (B+δ(A− B)n j||an|(1+ c)− |B||γ||
∞
∑

n=1

|ni − n j||an|(1+ c)

which is equivalent to our condition (13).
Conversely, we need only show that each function f (z) from the class CKεη(i, j;δ,γ, A, B)

satisfies the coefficient inequality (13). Let f (z) ∈ CKεη(i, j;δ,γ, A, B), then by (15) and (1),
we obtain
�

�

�

�

�

∑∞
n=1(n

i − n j)an(zn+1 − czn)− γeiθ eiϕ|
∑∞

n=1(n
i − n j)an(zn+1 − czn)|

(A− B)δa0 −
∑∞

n=1(Bni − (B+δ(A− B)n j)an(zn+1 − czn) + Bγeiθ eiϕ|
∑∞

n=1(n
i − n j)an(zn+1 − czn)|

�

�

�

�

�

< 1

for (z ∈ U∗). Therefore putting z = reiη (0≤ r < 1), and applying (8), we have
∑∞

n=1 |n
i − n j ||an|(rn+1 + crn) + |γ|

∑∞
n=1 |n

i − n j ||an|(rn+1 + cr|n)
|(A− B)δ|a0 −

∑∞
n=1 |Bni − (B+δ(A− B)n j ||an|(rn+1 + crn)− |B||γ||

∑∞
n=1 |n

i − n j ||an|(rn+1 + crn)
< 1.

(16)
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It is clear that the denominator of the left hand side cannot vanish for 0 ≤ r < 1. Moreover,
it is positive for r = 0, and in consequence for 0≤ r < 1. Thus, by (16), we have

∞
∑

n=1

φn|an|rn+1 < |(A− B)δ|a0 (17)

which, upon letting r → 1−, readily yields the assertion (13).

From Theorem 1, we obtain coefficient estimates for the class CKεη(i, j;δ,γ, A, B).

Corollary 1. If a function f (z) of the form (1) belongs to the class CKεη(i, j;δ,γ, A, B), then

|an|<
|(A− B)δ|a0

φn
(n ∈ N), (18)

where φn is defined by (14). The result is sharp. The functions of the form

fn,η(z) =
a0

z− c
+
|(A− B)δ|a0

ei{(n+1)η−επ}φn
zn (z ∈ U∗; n ∈ N) (19)

are the extremal functions.

Also, from Theorem 1, we have the following result.

Corollary 2. If f (z) ∈ CKεη(i, j;δ,γ, A, B), and

φn ≥ φ1 (20)

then we have
∞
∑

n=1

|an| ≤
a0

1+ c
.

Moreover, if
φn ≥ nφ1 (21)

then we have
∞
∑

n=1

n|an| ≤
a0

1+ c
.

3. Distortion Theorem

Theorem 2. If f (z) defined by (1) is in the class Kεη(i, j;δ,γ, A, B) for |z| = r < 1, and φn
defined by (14) satisfies (20), then we have

a0

|z− c|
−

a0

1+ c
r ≤ | f (z)| ≤

a0

|z− c|
+

a0

1+ c
r. (22)

Moreover, if (21) holds, then

a0

|z− c|2
−

a0

1+ c
≤ | f ′(z)| ≤

a0

|z− c|2
+

a0

1+ c
. (23)
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Proof. Let f (z) is given by (1). For |z|= r < 1, we have

| f (z)| ≤
a0

|z− c|
+
∞
∑

n=1

|an||z|n ≤
a0

|z− c|
+ |z|

∞
∑

n=1

|an|=
a0

|z− c|
+ r

∞
∑

n=1

|an|,

and

| f (z)| ≥
a0

|z− c|
−
∞
∑

n=1

|an||z|n ≥
a0

|z− c|
− |z|

∞
∑

n=1

|an|=
a0

|z− c|
− r

∞
∑

n=1

|an|.

Then by Corollary 2, we get (22). Analogously we can prove (23). This completes the proof
of our theorem.

4. Radius of Close-to-Convexity, Starlikeness and Convexity

We concentrate upon getting the radius of close-to-convexity, starlikeness and convexity.

Theorem 3. Let the function f (z) given by (1) be in the class Kεη(i, j;δ,γ, A, B). Then f (z) is
close-to-convex of order µ (0≤ µ < 1) in |z− c|< |z|< r1, where

r1 = inf
n

�

(1−µ)φn

n|(A− B)δ|

�
1

n+1

(n≥ 1),

and φn is given by (14).

Proof. We must show that
�

�

�

�

�

(z− c)2

a0
f ′(z) + 1

�

�

�

�

�

≤ 1−µ (0≤ µ < 1) (24)

for |z|< r1. Note that
�

�

�

�

�

(z− c)2

a0
f ′(z) + 1

�

�

�

�

�

=

�

�

�

�

�

∞
∑

n=1

nan

a0
zn−1(z− c)2

�

�

�

�

�

≤
∞
∑

n=1

|nan|
a0
|z|n−1|z− c|2.

Thus for |z− c|< |z|< r1, (24) holds true if

∞
∑

n=1

nrn+1

a0(1−µ)
|an| ≤ 1. (25)

By Theorem 1, we have
∞
∑

n=1

φn

|(A− B)δ|a0
|an| ≤ 1. (26)

Hence (25) will be true, if
nrn+1

a0(1−µ)
≤

φn

|(A− B)δ|a0
,
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or equivalently, if

r ≤
�

(1−µ)φn

n|(A− B)δ|

�
1

n+1

(n≥ 1). (27)

The theorem follows from (27).

Theorem 4. Let the function f (z) given by (1) be in the class Kεη(i, j;δ,γ, A, B). Then f (z) is
starlike of order µ (0≤ µ < 1) in |z− c|< |z|< r2, where

r2 = inf
n

�

(1−µ)φn

(n+ 2−µ)|(A− B)δ|

�
1

n+1

(n≥ 1),

and φn is given by (14).

Proof. We must show that
�

�

�

�

(z− c) f ′(z)
f (z)

+ 1

�

�

�

�

≤ 1−µ (0≤ µ < 1) (28)

for |z|< r2. Note that

�

�

�

�

(z− c) f ′(z)
f (z)

+ 1

�

�

�

�

=

�

�

�

�

�

�

(z− c)
�

− a0

(z−c)2 +
∑∞

n=1 nanzn−1
�

+ a0

z−c
+
∑∞

n=1 anzn

a0

z−c
+
∑∞

n=1 anzn

�

�

�

�

�

�

,

=

�

�

�

�

�

∑∞
n=1 nanzn−1(z− c)2+

∑∞
n=1 anzn(z− c)

a0+
∑∞

n=1 anzn(z− c)

�

�

�

�

�

,

≤

∑∞
n=1 n|an||z|n−1|z− c|2+

∑∞
n=1 |an||z|n|z− c|

a0−
∑∞

n=1 |an||z|n|z− c|
.

Thus for |z− c|< |z|< r2, (28) holds true if
∞
∑

n=1

(n+ 1)|an|rn+1 ≤ 1−µ(a0−
∞
∑

n=1

|an|rn+1),

or
∞
∑

n=1

(n+ 2−µ)rn+1

(1−µ)a0
|an| ≤ 1.

By using (26) and (28), we have

(n+ 2−µ)rn+1

(1−µ)a0
≤

φn

|(A− B)δ|a0
,

or equivalently,

r ≤
�

(1−µ)φn

(n+ 2−µ)|(A− B)δ|

�
1

n+1

(n≥ 1). (29)

The theorem follows from (29).

Using (2) and Theorem 4, we obtain
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Theorem 5. Let the function f (z) given by (1) be in the class Kεη(i, j;δ,γ, A, B). Then f (z) is
convex of order µ (0≤ µ < 1) in |z− c|< |z|< r3, where

r3 = inf
n

�

(1−µ)φn

(n2+ 2n− nµ)|(A− B)δ|

�
1

n+1

(n≥ 1),

and φn is given by (14).

5. Extreme points

Theorem 6. Let the function f (z) be defined by (1). We define

f0(z) =
a0

z− c
, fn(z) =

a0

z− c
+
|(A− B)δ|a0

φn
zn, (n ∈ N) (30)

where φn is defined by (14), then f (z) ∈ Kεη(i, j;δ,γ, A, B) if and only if it can be expressed in
the form

f (z) =
∞
∑

n=0

λn fn(z),

where λn > 0 and
∑∞

n=0λn = 1.

Proof. Suppose that

f (z) =
∞
∑

n=0

λn fn(z) =
a0

z− c
+
∞
∑

n=0

λn
|(A− B)δ|a0

φn
zn.

Then
∞
∑

n=0

φn

�

�

�

�

λn
|(A− B)δ|a0

φn

�

�

�

�

= |(A− B)δ|a0

∞
∑

n=1

λn = |(A− B)δ|a0(1−λ0)< |(A− B)δ|a0.

Thus f (z) ∈ Kεη(i, j;δ,γ, A, B).
Conversely, suppose that f (z) ∈ Kεη(i, j;δ,γ, A, B). By using Corollary 1, we get

|an|<
|(A− B)δ|a0

φn
(n ∈ N),

we may set

λn =
φn

|(A− B)δ|a0
|an| (n ∈ N),

and

λ0 = 1−
∞
∑

n=1

λn (n ∈ N).

Then

f (z) =
∞
∑

n=0

λn fn(z).

This completes the proof of the theorem.
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6. Partial Sums

Let f ∈
∑c be a function of the form (1). Motivated by Silverman [25] and Silvia [27]

[see also 3, 12, 13, 22], we define the partial sums fm(z) defined by

fm(z) =
a0

z− c
+

m
∑

n=1

anzn (m ∈ N ; z ∈ U∗). (31)

In this section, we consider partial sums of functions from the class Kεη(i, j;δ,γ, A, B) and

obtain sharp lower bounds for the real part of ratios of f (z) to fm(z) and f ′(z) to f
′

m(z).

Theorem 7. Let m ∈ N and let the sequence {φn}, defined by (14), satisfy the inequalities

φn ≥

(

(1+ c)|(A− B)δ|, if n= 1,2, . . . , m,
1+c
a0
φm+1, if n= m+ 1, m+ 2, . . .

. (32)

If a function f (z) belongs to the class Kεη(i, j;δ,γ, A, B), then

Re
�

f (z)
fm(z)

�

≥ 1−
a0|(A− B)δ|
φm+1

, (z ∈ U∗) (33)

Re
�

fm(z)
f (z)

�

≥
φm+1

a0|(A− B)δ|+φm+1
, (z ∈ U∗) (34)

The bounds are sharp, with the extremal function fm+1,η of the form (19).

Proof. Let a function f of the form (1) belong to the class Kεη(i, j;δ,γ, A, B). Define the
function ω(z) by

ω(z)− 1

ω(z) + 1
=

φn

a0|(A− B)δ|

�

f (z)
fm(z)

−
�

1−
a0|(A− B)δ|
φm+1

��

=
1+
∑m

n=1 anzn
�

z−c
a0

�

+ φm+1

a0|(A−B)δ|

∑∞
n=m+1 anzn

�

z−c
a0

�

1+
∑m

n=1 anzn
�

z−c
a0

� . (35)

It suffices to show that |ω(z)| ≤ 1. Now, from (35) we can write

ω(z) =

φm+1

a0|(A−B)δ|

∑∞
n=m+1 anzn

�

z−c
a0

�

2+ 2
∑m

n=1 anzn
�

z−c
a0

�

+ φm+1

a0|(A−B)δ|

∑∞
n=m+1 anzn

�

z−c
a0

� . (36)

Hence we obtain

|ω(z)| ≤

φm+1

a0|(A−B)δ|

∑∞
n=m+1 |an|

�

1+c
a0

�

2− 2
∑m

n=1 |an|
�

1+c
a0

�

− φm+1

a0|(A−B)δ|

∑∞
n=m+1 |an|

�

1+c
a0

� . (37)
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Now |ω(z)| ≤ 1 if and only if

2
φm+1

a0|(A− B)δ|

∞
∑

n=m+1

|an|
�

1+ c

a0

�

≤ 2− 2
m
∑

n=1

|an|
�

1+ c

a0

�

, (38)

or equivalently,

m
∑

n=1

�

1+ c

a0

�

|an|+
∞
∑

n=m+1

φm+1

a0|(A− B)δ|

�

1+ c

a0

�

|an| ≤ 1. (39)

From the condition (13), it is sufficient to show that

m
∑

n=1

�

1+ c

a0

�

|an|+
∞
∑

n=m+1

φm+1

a0|(A− B)δ|

�

1+ c

a0

�

|an| ≤
∞
∑

n=1

φn

a0|(A− B)δ|
|an|,

which is equivalent to

m
∑

n=1

�

φn− (1+ c)|(A− B)δ|
a0|(A− B)δ|

�

|an|+
∞
∑

n=m+1







φn−φm+1

�

1+c
a0

�

a0|(A− B)δ|






|an| ≥ 0. (40)

The bound in (33) is sharp for each m ∈ N . In order to see that f = fm+1,η given the result
sharp, we observe that for z = reiη, we have

f (z)
fm(z)

= 1−
a0|(A− B)δ|rn+2

φm+1
→r→1− 1−

a0|(A− B)δ|
φm+1

. (41)

Similarly, we write

ω(z)− 1

ω(z) + 1
=

a0|(A− B)δ|
a0|(A− B)δ|+φm+1

�

fm(z)
f (z)

−
φm+1

a0|(A− B)δ|+φm+1

�

(z ∈ U∗)

=
1+
∑m

n=1 anzn
�

z−c
a0

�

− φm+1

a0|(A−B)δ|

∑∞
n=m+1 anzn

�

z−c
a0

�

1+
∑∞

n=1 anzn
�

z−c
a0

� , (42)

where

|ω(z)| ≤

φm+1+a0|(A−B)δ|
a0|(A−B)δ|

∑∞
n=m+1 |an|

�

1+c
a0

�

2− 2
∑m

n=1 |an|
�

1+c
a0

�

− φm+1+a0|(A−B)δ|
a0|(A−B)δ|

∑∞
n=m+1 |an|

�

1+c
a0

� ≤ 1. (43)

This last inequality is equivalent to

m
∑

n=1

�

1+ c

a0

�

|an|+
∞
∑

n=m+1

φm+1+ a0|(A− B)δ|
a0|(A− B)δ|

�

1+ c

a0

�

|an| ≤ 1. (44)

We are making use of (13) to get (34). Finally, equality holds in (34) for the extremal function
given by (19).



REFERENCES 82

Theorem 8. Let m ∈ N and let the sequence {φn}, defined by (14), satisfy the inequalities

φn ≥

(

n(1+ c)|(A− B)δ|, if n= 1,2, . . . , m,
n(1+c)

a0

φm+1

m+1
, if n= m+ 1, m+ 2, . . .

. (45)

If a function f (z) belongs to the class Kεη(i, j;δ,γ, A, B), then

Re

¨

f ′(z)

f ′m(z)

«

≥ 1−
a0(m+ 1)|(A− B)δ|

φm+1
, (z ∈ U∗) (46)

Re

(

f
′

m(z)
f ′(z)

)

≥
φm+1

a0(m+ 1)|(A− B)δ|+φm+1
, (z ∈ U∗). (47)

The bounds are sharp, with the extremal function fm+1,η of the form (19).

Proof. The proof is analogous to that of Theorem 8, and we omit the details.
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