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General Integral Operators of p-valent Functions

Daniel V. Breaz1, I. Dorca 2,∗

1 Department of Mathematics, University "1st December 1918" of Alba Iulia, Alba Iulia, România
2 Department of Mathematics, University of Piteşti, Argeş, România

Abstract. In this paper we study new general integral operators of p-valent functions, which have to

cover several integral operators from literature. We give sufficient conditions for these operators to be

p-valently starlike, p-valently close-to-convex, uniformly p-valent close-to-convex and strongly starlike

of order τ (0< τ≤ 1) in U (open unit disk).
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1. Introduction

LetAp denote the class of functions of the form

f (z) = zp +

∞
∑

j=p+1

a jz
j , a j ≥ 0, p ∈ {1,2, . . .}, z ∈ U (1)

or

f (z) = zp −
∞
∑

j=p+1

a jz
j , a j ≥ 0, p ∈ {1,2, . . .}, z ∈ U (2)

which are analytic in the open unit disk U = {z : |z| < 1}. We note thatA1 =A .

A function f ∈Ap is said to be p-valently starlike of order β (0≤ β < p) iff

Re

�

z f ′(z)
f (z)

�

> β (z ∈ U).
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We denote by S ⋆p (β) the class of all such of functions. On the other hand, a function f ∈ Ap

is said to be p-valently convex of order β (0≤ β < p) if and only if

Re

�

1+
z f ′′(z)
f ′(z)

�

> β (z ∈ U).

Let Kp be the class of all these functions which are p-valently convex of order β in U .

Furthermore, a function f (z) ∈ Ap is said to be in the class Cp(β) of p-valently close-to-

convex functions of order β (0≤ β < p) if U iff

Re

�

f ′(z)
zp−1

�

> β (z ∈ U).

It is easy to be seen that S ⋆p (0) = S ⋆p and Cp(0) = Cp are, respectively, the classes of

p-valently starlike, p-valently convex and p-valently close-to-convex functions in U . We also

note that S⋆1 = S⋆, K1 = K and C1 = C are, respectively, the well known classes of starlike,

convex and close-to-convex functions in U .

A function f ∈Ap is said to be in the classUC p(β) of uniformly p-valent close-to-convex

functions of order β (0≤ β < p) in U iff

Re

�

z f ′(z)
g(z)

− β
�

≥
�

�

�

�

z f ′(z)
g(z)

− p

�

�

�

�

(z ∈ U)

for some g(z) ∈ US p(β) where US p(β)is the class of uniformly p-valent starlike functions

of order β (−1≤ β < p) in U that satisfies

Re

�

z f ′(z)
f (z)

− β
�

≥
�

�

�

�

z f ′(z)
f (z)

− p

�

�

�

�

(z ∈ U). (3)

The uniformly starlike functions are firstly introduced in [8].

The purpose of this paper is to find the sufficient conditions for two generalized opera-

tors in order to be p-valently starlike, p-valently close-to-convex, uniformly p-valent close-to-

convex and strongly starlike of order τ (0< τ ≤ 1) in U (open unit disk).

2. Preliminary Results

Definition 1 ([2]). Let β ,λ ∈ R, β ≥ 0, λ≥ 0 and f (z) = z+
∑∞

j=2 a jz
j . We denote by D

β

λ
the

linear operator defined by

D
β

λ
: A→ A, D

β

λ
f (z) = z +

∞
∑

j=n+1

[1+ ( j− 1)λ]βa jz
j . (4)
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Remark 1. In [1] we have introduced the following operator concerning the complex functions

with negative coefficients:

D
β

λ
: A→ A, D

β

λ
f (z) = z −

∞
∑

j=n+1

[1+ ( j− 1)λ]βa jz
j . (5)

The neighborhoods concerning the class of functions defined using the operator (5) is studied in

[5].

Remark 2. We have introduced and studied the following operator concerning the functions

f ∈ S, S = { f ∈ A : f is univalent in U}:

D
n,β

λ1,λ2
f (z) = (h ∗ψ1 ∗ f )(z) = z ±

∑

k≥2

[1−λ1(k− 1))]β−1

[1−λ2(k− 1))]β
· 1+ c

k+ c
· C(n, k) · ak · zk (6)

where C(n, k) =
(n+1)k−1

(1)k−1
; (n)k is the Pochammer symbol; k ≥ 2, c ≥ 0 and Re{c} ≥ 0; z ∈ U.

Remark 3. If we denote by (x)k the Pochhammer symbol, we define it as follows:

(x)k =

(

1 for k = 0, x ∈ C \ {0}
x(x + 1)(x + 2) · . . . · (x + k− 1) for k ∈ N− {0} and x ∈ C .

The following generalised integral operators are univalent for all n ∈ N−{0} under given

conditions:

I1(z) =







β

z
∫

0

tβδ−1 ·
p
∏

j=1





((D
n,κ

λ1,λ2
f j(t

n)′)2γ1−1

tσ





δ1
j

·




(D
n,κ

λ1,λ2
f j(t

n))2γ2−1

tσ





δ2
j

d t







1

β

, (7)

where α,γ1,γ2,β ∈ C, Reα = a > 0 and D
n,κ

λ1 ,λ2
f j(z) ∈ A , λ1,λ2,κ ≥ 0, σ ∈ R, j = 1, p,

p ∈ N, D
n,κ
λ1 ,λ2

f j(z
n) of form (6) and

I2(z) =







χ

z
∫

0

tχδ−1

p
∏

j=1





((D
β

λ
f j(t

n)′)2γ1−1

tσ





δ1
j




(D
β

λ
f j(t

n))2γ2−1

tσ





δ2
j

d t







1

χ

, (8)

where α,γ1,γ2,χ ∈ C, Reα = a > 0 and D
β

λ
f j(z) ∈ A , β ≥ 0, λ ≥ 0, σ ∈ R, D

β

λ
f (zn) of form

(5).

We will make use of the following Lemmas in order to derive our main results.
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Lemma 1 ([10]). If f ∈Ap satisfies

Re

¨

1+
z f ′′(z)
f ′(z)

«

< p+
1

4
(z ∈ U),

then f is p-valently starlike in U.

Lemma 2 ([6]). If f ∈Ap satisfies

�

�

�

�

z f ′′(z)
f ′(z)

+ 1− p

�

�

�

�

< p+ 1 (z ∈ U),

then f is p-valently starlike in U.

Lemma 3 ([14]). If f ∈Ap satisfies

Re

¨

1+
z f ′′(z)
f ′(z)

«

< p+
a+ b

(1+ a)(1− b)
(z ∈ U),

where a > 0, b ≥ 0 and a+ 2b ≤ 1, then f is p-valently close-to-convex in U.

Lemma 4 ([3]). If f ∈Ap satisfies

Re

¨

1+
z f ′′(z)

f ′(z)

«

< p+
1

3
(z ∈ U),

then f is uniformly p-valent close-to-convex in U.

Lemma 5 ([12]). If f ∈Ap satisfies

Re

¨

1+
z f ′′(z)
f ′(z)

«

>
p

4
− 1 (z ∈ U),

then

Re

È

1+
z f ′(z)
f (z)

>

p
p

2
(z ∈ U).

Lemma 6 ([11]). If f ∈Ap satisfies

Re

¨

1+
z f ′′(z)
f ′(z)

«

> p− τ
2
(z ∈ U),

then
�

�

�

�

arg
z f ′(z)
f (z)

�

�

�

�

>
π

2
τ (z ∈ U).

We take into consideration the general integral operator of form (7) (or (8)), for which we

study the sufficient conditions to be p-valently starlike, p-valently close-to-convex, uniformly

p-valent close-to-convex and strongly starlike of order τ (0< τ ≤ 1) in U , giving also several

examples which prove its relevance.
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3. Main Results

If we consider that βδ− 1 = σ = p (or χδ − 1 = σ = p ) and the function f (z) of form

(1) or (2), we derive the following:

I1
p(z) =







β

z
∫

0

ptp−1 ·
m
∏

j=1





((D
n,κ

λ1,λ2
f j(t

n)′)2γ1−1

tp





δ1
j

·




(D
n,κ

λ1,λ2
f j(t

n))2γ2−1

tp





δ2
j

d t







1

β

(9)

with respect to the general integral operator I1(z) of form (7) and

I2
p (z) =







χ

z
∫

0

ptp−1
m
∏

j=1





((D
β

λ
f j(t

n)′)2γ1−1

tp





δ1
j




(D
β

λ
f j(t

n))2γ2−1

tp





δ2
j

d t







1

χ

(10)

from the general integral operator I2(z) of form (8).

Further we give sufficient conditions for the operator I1
p(z) of form (9) to be p-valently

starlike, p-valently close-to-convex, uniformly p-valent close-to-convex and strongly starlike

of order τ (0< τ ≤ 1) in U .

3.1. Sufficient Conditions for the Operator I1
p
(z)

For further simplification, we note the integral operator I1
p(z) of form (9) as follows:

I1
p (z) =







β

z
∫

0

ptp−1 ·
m
∏

j=1
a∈{1,2}





((D
n,κ,a

λ1,λ2
f j(t

n))2γa−1

tp





δa
j

d t







1

β

, (11)

where D
n,κ,1

λ1,λ2
f j(z

n) = (D
n,κ

λ1,λ2
f j(z

n))′ and D
n,κ,2

λ1,λ2
f j(z

n) = D
n,κ

λ1,λ2
f j(z

n), D
n,κ

λ1,λ2
f j(z

n) is of form

(6), z ∈ U .

We firstly study the sufficient conditions for the operator I1
p to be in S ⋆p .

Theorem 1. Let δa
j
,γa ∈ C, a ∈ {1,2}, j = 1, m, m ∈ N − {0}. If f j ∈ Ap for all j = 1, m

satisfies

Re





z[(D
n,κ,a

λ1 ,λ2
f j(z

n))2γa−1]′

(D
n,κ,a

λ1,λ2
f j(z

n))2γa−1



 < p+
1

4 ·
m
∑

j=1
a∈{1,2}

δa
j

(z ∈ U), (12)

where D
n,κ,1

λ1 ,λ2
f j(z

n) = (D
n,κ

λ1,λ2
f j(z

n))′ and D
n,κ,2

λ1,λ2
f j(z

n) = D
n,κ

λ1,λ2
f j(z

n), z ∈ U , D
n,κ

λ1,λ2
f j(z

n) is of

form (6), then I1
p (z) is p-valently starlike in U.
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Proof. From (9) (or (11)) we see that I1
p(z) ∈ Ap. Moreover, by differentiating (11)

logarithmically, multiplying by z and adding 1, we have

1+
z[I1

p (z)]
′′

[I1
p (z)]

′ =
1− β
β
·

�

z
∫

0

ptp−1 ·∏m
j=1

a∈{1,2}

�

((D
n,κ,a

λ1,λ2
f j(t

n))2γa−1

tp

�δa
j

d t

�′

z
∫

0

ptp−1 ·∏m
j=1

a∈{1,2}

�

((D
n,κ,a

λ1,λ2
f j(t

n))2γa−1

tp

�δa
j

d t

(13)

+ p











1−
m
∑

j=1
a∈{1,2}

δa
j











+

m
∑

j=1
a∈{1,2}

δa
j (2γa− 1) · nzn−1 ·

z(D
n,κ,a

λ1,λ2
f j(z

n))′

D
n,κ,a

λ1,λ2
f j(z

n)
.

Next we take the real part of (13) and consider the conditions of the integral operator (7),

from where we obtain the following

Re

 

1+
z[I1

p (z)]
′′

[I1
p (z)]

′

!

≤ 1− β
β
+p











1−
m
∑

j=1
a∈{1,2}

δa
j











+

m
∑

j=1
a∈{1,2}

δa
j ·Re





z[(D
n,κ,a

λ1 ,λ2
f j(z

n))2γa−1]′

(D
n,κ,a

λ1,λ2
f j(z

n))2γa−1



 .

(14)

From (14) and (12), we obtain that

Re

 

1+
z[I1

p (z)]
′′

[I1
p (z)]

′

!

<
1− β
β
+ p











1−
m
∑

j=1
a∈{1,2}

δa
j











+

m
∑

j=1
a∈{1,2}

δa
j ·

















p+
1

4 ·
m
∑

j=1
a∈{1,2}

δa
j

















(15)

=
1− β
β
+ p+

1

4
. (16)

Applying Lemma 1 to an integral operator of order 1

β
, we immediately obtain that I1

p (z) ∈
S ⋆p .

Remark 4. If β = 1 we can just use Lemma 1 to (15), which directly follows to I1
p (z) ∈ S ⋆p

(β = 1), where (15) becomes Re

�

1+
z[I1

p(z)]
′′

[I1
p (z)]

′

�

< p+ 1

4
.

Remark 5. Let δ1
j = 0. Then, for all j = 1, m, m ∈ N− {0}, we obtain the following integral

operator:

I11
p (z) =







β

z
∫

0

ptp−1 ·
m
∏

j=1





(D
n,κ

λ1,λ2
f j(t

n))2γ2−1

tp





δ2
j

d t







1

β

. (17)
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On the other hand, if δ2
j = 0, we obtain the following integral operator:

I12
p (z) =







β

z
∫

0

ptp−1 ·
m
∏

j=1





(D
n,κ

λ1,λ2
f j(t

n))2γ1−1

tp





δ1
j

d t







1

β

. (18)

Corollary 1. a) Let δ1
j
= 0, δ2

j
,γ2 ∈ C, j = 1, m, m ∈ N− {0}. If f j ∈ Ap for all j = 1, m,

m ∈ N− {0}, satisfies

Re





z[(D
n,κ

λ1 ,λ2
f j(z

n))2γ2−1]′

(D
n,κ

λ1,λ2
f j(z

n))2γ2−1



< p+
1

4 ·
m
∑

j=1

δ2
j

(z ∈ U),

where D
n,κ

λ1,λ2
f j(z

n) is of form (6), then I11
p (z) of form (17) is p-valently starlike in U.

b) Let δ2
j
= 0, δ1

j
,γ1 ∈ C, j = 1, m, m ∈ N− {0}. If f j ∈ Ap for all j = 1, m, m ∈ N− {0},

satisfies

Re





z[((D
n,κ

λ1 ,λ2
f j(z

n))′)2γ1−1]′

((D
n,κ

λ1,λ2
f j(z

n))′)2γ1−1



 < p+
1

4 ·
m
∑

j=1

δ1
j

(z ∈ U),

where D
n,κ
λ1,λ2

f j(z
n) is of form (6), then I12

p (z) of form (18) is p-valently starlike in U.

Furthermore, if j = p = 1, δ1
1 = δ

1 ∈ C, δ2
1 = δ

2 ∈ C and D
n,κ

λ1,λ2
f1(z

n) = D
n,κ

λ1,λ2
f (zn) in

Theorem 1, we have:

Corollary 2. If f ∈A , a ∈ {1,2}, satisfies the following condition

Re





z[(D
n,κ,a

λ1 ,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1



 < 1+
1

4
∏

a∈{1,2}
δa

(z ∈ U),

then

(

β
z
∫

0

ptp−1 · ∏
a∈{1,2}

�

(D
n,κ,a

λ1,λ2
f (tn))2γa−1

tp

�δa

d t

) 1

β

is starlike in U, for any γ1,γ2 ∈ C,

D
n,κ,1

λ1,λ2
f (zn) = (D

n,κ

λ1,λ2
f (zn))′ and D

n,κ,2

λ1,λ2
f (zn) = D

n,κ

λ1 ,λ2
f (zn), where D

n,κ

λ1,λ2
f (zn) is of form (6),

j = 1, z ∈ U.

Moreover, if we take δ1
1 = δ

2
1 = δ ∈ C in Corollary 2, we have the following result:

Corollary 3. If f ∈A , δ ∈ C, a ∈ {1,2}, satisfies the condition

Re





z[(D
n,κ,a

λ1,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1



< 1+
1

4δ
(z ∈ U),
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then

z
∫

0

∏

a∈{1,2}

�

(D
n,κ,a

λ1,λ2
f (tn))2γa−1

t

�δ

d t is starlike in U, for any γ1,γ2 ∈ C,

D
n,κ,1

λ1,λ2
f (zn) = (D

n,κ

λ1,λ2
f (zn))′ and D

n,κ,2

λ1,λ2
f (zn) = D

n,κ

λ1 ,λ2
f (zn), where D

n,κ

λ1,λ2
f (zn) is of form (6),

j = 1, z ∈ U.

Theorem 2. Let δa
j
, γa ∈ C, a ∈ {1,2}, j = 1, m. If f j ∈ Ap for all j = 1, m, m ∈ N − {0},

satisfies
�

�

�

�

�

z[(D
n,κ,a

λ1 ,λ2
f j(z

n))2γa−1]′

(D
n,κ,a

λ1,λ2
f j(z

n))2γa−1
− p

�

�

�

�

�

<
p+ 1

4 ·
m
∑

j=1
a∈{1,2}

δa
j

(z ∈ U), (19)

where D
n,κ,1

λ1,λ2
f j(z

n) = (D
n,κ

λ1,λ2
f j(z

n))′ and D
n,κ,2

λ1,λ2
f j(z

n) = D
n,κ

λ1,λ2
f j(z

n), z ∈ U, D
n,κ

λ1 ,λ2
f j(z

n) is of

form (6), then I1
p (z) is p-valently starlike in U.

Proof. We make use of (13) and the hypothesis (19) and obtain

�

�

�

�

�

1+
z[I1

p (z)]
′′

[I1
p (z)]

′ − p

�

�

�

�

�

≤1− β
β
+

�

�

�

�

�

�

�

�

m
∑

j=1
a∈{1,2}

δa
j

 

z[(D
n,κ,a

λ1 ,λ2
f j(z

n))2γa−1]′

(D
n,κ,a

λ1,λ2
f j(z

n))2γa−1
− p

!

�

�

�

�

�

�

�

�

<
1− β
β
+

m
∑

j=1
a∈{1,2}

δa
j

�

�

�

�

�

z[(D
n,κ,a

λ1 ,λ2
f j(z

n))2γa−1]′

(D
n,κ,a
λ1,λ2

f j(z
n))2γa−1

− p

�

�

�

�

�

<
1− β
β
+

m
∑

j=1
a∈{1,2}

δa
j

















p+ 1

4 ·
m
∑

j=1
a∈{1,2}

δa
j

















=
1− β
β
+ p+ 1.

Using Lemma 2 for an integral operator of order 1

β
, we get I1

p(z) ∈ S ⋆p immediately.

Remark 6. If β = 1 we can just use Lemma 2 to the relation above, which directly follows to

I1
p (z) ∈ S ⋆p (β = 1), under the condition (19), from where we obtain
�

�

�

�

1+
z[I1

p (z)]
′′

[I1
p(z)]

′ − p

�

�

�

�

< p+ 1.

Letting j = p = 1,∀ j = 1, m, m ∈ N− {0}, δ1
1 = δ

1 ∈ C, δ2
1 = δ

2 ∈ C
and D

n,κ

λ1 ,λ2
f1(z

n) = D
n,κ

λ1,λ2
f (zn) in Theorem 2, we have:

Corollary 4. If f ∈A , a ∈ {1,2}, satisfies the following condition
�

�

�

�

�

z[(D
n,κ,a

λ1 ,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1

− 1

�

�

�

�

�

<
2

∏

a∈{1,2}
δa

(z ∈ U),
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then

(

β
z
∫

0

∏

a∈{1,2}

�

(D
n,κ,a

λ1,λ2
f (tn))2γa−1

t

�δa

d t

) 1

β

is starlike in U, for any γ1,γ2 ∈ C,

D
n,κ,1

λ1,λ2
f (zn) = (D

n,κ

λ1,λ2
f (zn))′ and D

n,κ,2

λ1,λ2
f (zn) = D

n,κ

λ1 ,λ2
f (zn), where D

n,κ

λ1,λ2
f (zn) is of form (6),

( j = 1), z ∈ U.

Moreover, if we take δ1
1 = δ

2
1 = δ ∈ C in Corollary 4, we have the following result:

Corollary 5. If f ∈A , δ ∈ C, a ∈ {1,2}, satisfies the condition

�

�

�

�

�

z[(D
n,κ,a

λ1,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1

− 1

�

�

�

�

�

<
2

δ
(z ∈ U),

then

(

β
z
∫

0

∏

a∈{1,2}

�

(D
n,κ,a

λ1,λ2
f (tn))2γa−1

t

�δ

d t

) 1

β

is starlike in U, for any γ1,γ2 ∈ C,

D
n,κ,1

λ1,λ2
f (zn) = (D

n,κ

λ1,λ2
f (zn))′ and D

n,κ,2

λ1,λ2
f (zn) = D

n,κ

λ1 ,λ2
f (zn), where D

n,κ

λ1,λ2
f (zn) is of form (6),

( j = 1), z ∈ U.

Next we apply Lemma 3 and Lemma 4 and we obtain sufficient conditions for I1
p to be

p-valently close-to-convex and uniformly p-valent close to convex in U .

Theorem 3. Let δυ
j
,γυ ∈ C, υ ∈ {1,2}, j = 1, m. If f j ∈ Ap for all j = 1, m, m ∈ N − {0},

satisfies

Re





z[(D
n,κ,υ

λ1 ,λ2
f j(z

n))2γυ−1]′

(D
n,κ,υ

λ1,λ2
f j(z

n))2γυ−1



< p+
a+ b

(1+ a)(1− b) ·
m
∑

j=1
υ∈{1,2}

δυ
j

(z ∈ U), (20)

where a > 0, b ≥ 0, a+2b ≤ 1, D
n,κ,1

λ1,λ2
f j(z

n) = (D
n,κ

λ1,λ2
f j(z

n))′ and D
n,κ,2

λ1,λ2
f j(z

n) = D
n,κ

λ1,λ2
f j(z

n),

z ∈ U, D
n,κ

λ1,λ2
f j(z

n) is of form (6), then I1
p(z) is p-valently close-to-convex in U.

Proof. From (14), together with (20), and making use of Lemma 3 for an integral operator

of order 1

β
, we have I1

p(z) ∈ Cp(α) (0≤ α < p).

Letting j = p = 1, δ1
1 = δ

1 ∈ C, δ2
1 = δ

2 ∈ C and D
n,κ
λ1,λ2

f1(z
n) = D

n,κ
λ1,λ2

f (zn) in Theorem 3,

we have:

Corollary 6. If f ∈A , υ ∈ {1,2}, satisfies the following condition

Re





z[(D
n,κ,υ

λ1 ,λ2
f (zn))2γυ−1]′

(D
n,κ,υ

λ1,λ2
f (zn))2γυ−1



< p+
a+ b

(1+ a)(1− b) ·
m
∑

υ∈{1,2}
δυ

(z ∈ U),
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where a > 0, b ≥ 0, a+ 2b ≤ 1, then

(

β
z
∫

0

∏

υ∈{1,2}

�

(D
n,κ,υ

λ1,λ2
f (tn))2γυ−1

t

�δυ

d t

) 1

β

is close-to-convex

in U, for any γ1,γ2 ∈ C, D
n,κ,1

λ1 ,λ2
f (zn) = (D

n,κ

λ1,λ2
f (zn))′ and D

n,κ,2

λ1,λ2
f (zn) = D

n,κ

λ1,λ2
f (zn), where

D
n,κ
λ1,λ2

f (zn) is of form (6), ( j = 1), z ∈ U.

Moreover, if we take δ1
1 = δ

2
1 = δ ∈ C in Corollary 6, we have the following result:

Corollary 7. If f ∈A , δ ∈ C, υ ∈ {1,2}, satisfies the condition

Re





z[(D
n,κ,υ

λ1,λ2
f (zn))2γυ−1]′

(D
n,κ,υ

λ1,λ2
f (zn))2γυ−1



< p+
a+ b

(1+ a)(1− b) · δ (z ∈ U),

where a > 0, b ≥ 0, a + 2b ≤ 1, then

(

β
z
∫

0

∏

υ∈{1,2}

�

(D
n,κ,υ

λ1,λ2
f (tn))2γυ−1

t

�δ

d t

) 1

β

is close-to-

convex in U, for any γ1, γ2 ∈ C, D
n,κ,1

λ1,λ2
f (zn) = (D

n,κ

λ1,λ2
f (zn))′ and D

n,κ,2

λ1 ,λ2
f (zn) = D

n,κ

λ1 ,λ2
f (zn),

D
n,κ

λ1,λ2
f (zn) is of form (6), ( j = 1), z ∈ U.

Theorem 4. Let δa
j
,γa ∈ C, a ∈ {1,2}, j = 1, m. If f j ∈Ap for all j = 1, m satisfies

Re





z[(D
n,κ,a

λ1 ,λ2
f j(z

n))2γa−1]′

(D
n,κ,a

λ1,λ2
f j(z

n))2γa−1



 < p+
1

3 ·
m
∑

j=1
a∈{1,2}

δa
j

(z ∈ U), (21)

where D
n,κ,1

λ1,λ2
f j(z

n) = (D
n,κ

λ1,λ2
f j(z

n))′ and D
n,κ,2

λ1,λ2
f j(z

n) = D
n,κ

λ1,λ2
f j(z

n), z ∈ U, D
n,κ

λ1 ,λ2
f j(z

n) is of

form (6), then I1
p (z) is uniformly p-valent close-to-convex in U.

Proof. From (14), together with (21), and making use of Lemma 3 for an integral operator

of order 1

β
, we get I1

p(z) ∈ UC p(α) (0≤ α > p).

Letting j = p = 1, δ1
1 = δ

1 ∈ C, δ2
1 = δ

2 ∈ C and D
n,κ

λ1,λ2
f1(z

n) = D
n,κ

λ1,λ2
f (zn) in Theorem 4,

we have:

Corollary 8. If f ∈A , a ∈ {1,2}, satisfies the following condition

Re





z[(D
n,κ,a

λ1 ,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1



 < p+
1

3 ·
m
∑

a∈{1,2}
δa

(z ∈ U),

then

(

β
z
∫

0

∏

a∈{1,2}

�

(D
n,κ,a

λ1,λ2
f (tn))2γa−1

t

�δa

d t

) 1

β

is uniformly close-to-convex in U, for any

γ1,γ2 ∈ C, D
n,κ,1

λ1 ,λ2
f (zn) = (D

n,κ

λ1,λ2
f (zn))′ and D

n,κ,2

λ1,λ2
f (zn) = D

n,κ

λ1,λ2
f (zn), where D

n,κ

λ1,λ2
f (zn) is

of form (6), ( j = 1), z ∈ U.
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Moreover, if we take δ1
1 = δ

2
1 = δ ∈ C in Corollary 8, we have the following result:

Corollary 9. If f ∈A , δ ∈ C, a ∈ {1,2}, satisfies the condition

Re





z[(D
n,κ,a

λ1 ,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1



< p+
1

3δ
(z ∈ U),

then

(

β
z
∫

0

∏

a∈{1,2}

�

(D
n,κ,a

λ1,λ2
f (tn))2γa−1

t

�δ

d t

) 1

β

is uniformly close-to-convex in U, for any

γ1,γ2 ∈ C, D
n,κ,1

λ1,λ2
f (zn) = (D

n,κ

λ1,λ2
f (zn))′ and D

n,κ,2

λ1,λ2
f (zn) = D

n,κ

λ1,λ2
f (zn), D

n,κ

λ1,λ2
f (zn) is of form

(6), ( j = 1), z ∈ U.

Theorem 5. Let δa
j ,γa ∈ C, a ∈ {1,2}, j = 1, m. If f j ∈Ap for all j = 1, m satisfies

Re





z[(D
n,κ,a

λ1 ,λ2
f j(z

n))2γa−1]′

(D
n,κ,a

λ1,λ2
f j(z

n))2γa−1



 > p− 3p+ 4

4 ·
m
∑

j=1
a∈{1,2}

δa
j

(z ∈ U), (22)

then

Re

s

z[I1
p (z)]

′

I1
p (z)

>

p
p

2
(z ∈ U),

where D
n,κ,1

λ1,λ2
f j(z

n) = (D
n,κ

λ1,λ2
f j(z

n))′ and D
n,κ,2

λ1,λ2
f j(z

n) = D
n,κ

λ1,λ2
f j(z

n), z ∈ U, D
n,κ

λ1 ,λ2
f j(z

n) is of

form (6).

Proof. From (14) and (22) we get

Re

 

1+
z[I1

p (z)]
′′

[I1
p (z)]

′

!

> p











1−
m
∑

j=1
a∈{1,2}

δa
j











+

m
∑

j=1
a∈{1,2}

δa
j ·

















p− 3p+ 4

4 ·
m
∑

j=1
a∈{1,2}

δa
j

















=
p

4
− 1.

We apply Lemma 5 and we get

Re

s

z[I1
p (z)]

′

I1
p (z)

>

p
p

2
(z ∈ U).

Letting j = p = 1, δ1
1 = δ

1 ∈ C, δ2
1 = δ

2 ∈ C and D
n,κ

λ1,λ2
f1(z

n) = D
n,κ

λ1,λ2
f (zn) in Theorem 5,

we have:
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Corollary 10. If f ∈ A , a ∈ {1,2}, satisfies the following condition

Re





z[(D
n,κ,a

λ1 ,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1



 > − 3

4 ·
m
∑

a∈{1,2}
δa

(z ∈ U),

then

Re

s

z[I1
1
(z)]′

I1
p(z)

>
1

2
(z ∈ U),

Moreover, if we take δ1
1 = δ

2
1 = δ ∈ C in Corollary 10, we have the following result:

Corollary 11. If f ∈ A , δ ∈ C, a ∈ {1,2}, satisfies the condition

Re





z[(D
n,κ,a

λ1,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1



> − 3

4 ·
m
∑

a∈{1,2}
δ

(z ∈ U),

then

Re

s

z[I1
1
(z)]′

I1
p(z)

>
1

2
(z ∈ U),

Furthermore, if we take δ = 1 in Corollary 11, we have the following result:

Corollary 12. If f ∈ A , δ ∈ C, a ∈ {1,2}, satisfies the condition

Re





z[(D
n,κ,a

λ1 ,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1



> −3

4
(z ∈ U),

then

Re

s

z[I1
1 (z)]

′

I1
p(z)

>
1

2
(z ∈ U),

Remark 7. The sufficient conditions for the operator I2
p (z) of form (10) can be obtained in a

similar way.

3.2. Strong Starlikeness of the Integral Operator I1
p
(z)

Theorem 6. Let δa
j
,γa ∈ C, a ∈ {1,2}, j = 1, m. If f j ∈ Ap for all j = 1, m, m ∈ N− {0},

satisfies

Re





z[(D
n,κ,a

λ1 ,λ2
f j(z

n))2γa−1]′

(D
n,κ,a

λ1,λ2
f j(z

n))2γa−1



 > p− γ

2 ·
m
∑

j=1
a∈{1,2}

δa
j

(z ∈ U), (23)



D. Breaz, I. Dorca / Eur. J. Math. Sci., 1 (2012), 105-119 117

then I1
p is strongly starlike of order γ (0< γ ≤ 1) in U, where D

n,κ,1

λ1,λ2
f j(z

n) = (D
n,κ

λ1,λ2
f j(z

n))′ and

D
n,κ,2

λ1,λ2
f j(z

n) = D
n,κ

λ1,λ2
f j(z

n), z ∈ U, D
n,κ

λ1,λ2
f j(z

n) is of form (6).

Proof. Applying Lemma 6 and making use of (14), it follows that I1
p is strongly starlike of

order γ (0< γ≤ 1) in U .

Letting j = p = 1, δ1
1 = δ

1 ∈ C, δ2
1 = δ

2 ∈ C and D
n,κ

λ1,λ2
f1(z

n) = D
n,κ

λ1,λ2
f (zn) in Theorem 5,

we have:

Corollary 13. If f ∈ A , a ∈ {1,2}, satisfies the following condition

Re





z[(D
n,κ,a

λ1 ,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1



> 1− γ

2 ·
m
∑

a∈{1,2}
δa

(z ∈ U),

then

(

β
z
∫

0

∏

a∈{1,2}

�

(D
n,κ,a

λ1,λ2
f (tn))2γa−1

t

�δa

d t

) 1

β

is strongly starlike of order γ (0 < γ ≤ 1) in U,

where D
n,κ,1

λ1,λ2
f (zn) = (D

n,κ

λ1,λ2
f (zn))′ and D

n,κ,2

λ1,λ2
f (zn) = D

n,κ

λ1,λ2
f (zn), z ∈ U, z ∈ U, z ∈ U,

D
n,κ

λ1,λ2
f (zn) is of form (6).

Moreover, if we take δ1
1 = δ

2
1 = δ ∈ C in Corollary 13, we have the following result:

Corollary 14. If f ∈ A , δ ∈ C, a ∈ {1,2}, satisfies the condition

Re





z[(D
n,κ,a

λ1,λ2
f (zn))2γa−1]′

(D
n,κ,a

λ1,λ2
f (zn))2γa−1



> 1− γ

2δ
(z ∈ U),

then

(

β
z
∫

0

∏

a∈{1,2}

�

(D
n,κ,a

λ1,λ2
f (tn))2γa−1

t

�δ

d t

) 1

β

is strongly starlike of order γ (0 < γ ≤ 1) in U,

where D
n,κ,1

λ1,λ2
f (zn) = (D

n,κ

λ1,λ2
f (zn))′ and D

n,κ,2

λ1,λ2
f (zn) = D

n,κ

λ1,λ2
f (zn), z ∈ U, D

n,κ

λ1,λ2
f (zn) is of

form (6).

Remark 8. The strong starlikeness of the integral operator I2
p (z) of form (10) can be obtained

in a similar way.

Example 1. Let β = 0 in D
β

λ
f (z) of form (4) (or (5)), n = 1. So we have that D0

λ
f (z) = f (z),

∀λ ≥ 0, f (z) of form (1) (or (2)). We will use this form of the integral operator, where the

function f is of form (1) with respect to the operator (10). For further simplification, we consider

that γ1 = γ2 = 1, and δ = 1

If χ = 1, δ=j 0, ∀ j = 1, m, m ∈ N− {0} and we consider δ2
j = α j, ∀ j = 1, m, m ∈ N− {0},

we obtain the operator Fp(z) =

z
∫

0

ptp−1
n
∏

j=1

�

f j(t)

tp

�α j

d t, which is recently studied in [7].
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Remark 9. There are other integral operators in literature for whom the sufficient conditions for

these operators to be p-valently starlike, p-valently close-to-convex, uniformly p-valent close-to-

convex and strongly starlike of order τ (0< τ≤ 1) in U (open unit disk) is covered by this paper

(e.g. see [4, 9, 13]).
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